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Abstract 
The objective of this study is to provide the frequency solutions of free vibration in thick FGM circular 
cylindrical shells by mainly considering both shear correction coefficient and nonlinear coefficient term. This paper 
investigates the effects of third-order shear deformation theory (TSDT) and the varied shear correction coefficient on 
the free vibration of thick functionally graded material (FGM), the circular cylindrical shells with simply 
homogeneous equation under thermal environment. The approach of derivations are given as follows, the varied 
value of shear correction coefficient is included in the simple homogeneous equation. The nonlinear term of 
displacement field of TSDT is also included to derive the simply homogeneous equation, some reasonable 
simplifications in the elements of homogeneous matrix under free vibration of thick FGM circular cylindrical shells 
are assumed, thus, the natural frequency can be found. Three parameters effect on the frequency of thick FGM 
circular cylindrical shells are computed and investigated, they are nonlinear coefficient c1 term, environment 
temperature and power law index. There are some main conclusions obtained, generally the natural frequency results 
are in decreasing value with the mode shape numbers for the thicker circular cylindrical shells. The values of natural 
frequencies are also affected by the nonlinear coefficient term.  
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1. Introduction 
There are some free vibration frequency investigations with shear deformation effect and experimental studies in the 
functionally graded material (FGM) circular cylindrical shells. In 2019, Shahbaztabar et al. [1] presented the free vibration of 
FGM circular cylindrical shells, including the Pasternak foundation and stationary fluid by using the first order shear 
deformation theory (FSDT). Some effects on the result of the natural frequencies are investigated e.g. fluid depth ratio, elastic 
foundation, volume fraction exponent, geometrical parameters and boundary conditions. In 2019, Zippo et al. [2] used the 
experimental method and the model of finite element method (FEM) to study the linear and dynamic behavior of vibrations in 
the polymeric circular cylindrical shell with FGM equivalent thermal temperature properties. In 2018, Baltacıoğlu and Civalek 
[3] used the Love’s shell theory and FSDT of the displacements to obtain the numerical results for the circular cylindrical FGM 
with carbon nanotube reinforced (CNTR) panels. For the thick FGM shells, it is necessary to consider the nonlinear terms of 
displacement theories to obtain more accurate results of analyses, e.g. third-order shear deformation theory (TSDT), 
higher-order shear deformation theory and triangular function shear deformation theory. In 2018, Torabi and Ansari [4] 
presented a formulation of higher-order isoparametric supplement to study the free vibration of FGM shells, considering the 
structural effects of circular cylindrical, conical, spherical and toroid shells. In 2017, Baltacıoğlu and Civalek [5] used the 
extended FEM to obtain the frequency of the vibration of cracked FGM shells considering the structural effects of cylindrical 
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shell, conical shell and spherical on the vibrations. In 2017, Wang and Wu [6] presented the free vibration analysis of porous 
FGM cylindrical shells based on a sinusoidal shear deformation theory (SSDT). In 2014, Fazzolari and Carrera [7] presented 
the hierarchical trigonometric Ritz formulation (HTRF) and used in the free vibration analyses for the doubly curved FGM 
shells and sandwich shells with FGM core. In 2016, Fantuzzi et al. [8] presented free vibration analyses of cylindrical and 
spherical shells by using the FEM and the generalized differential quadrature (GDQ) methods. There are some new and 
improved TSDT used in the investigations of FGMs. In 2016, Bui et al. [9] presented the numerical results of deflection and 
frequency by using the TSDT and FEM for the static bending behaviors of FGM plates. A similar new TSDT in terms of five 
un-known variables was used in the eigenvalue equation to calculate the natural frequency. In 2017, Do et al. [10] presented the 
numerical results of deflection and stress by using the TSDT and FEM for the static buckling and bending behaviors of FGM 
plates. The same new TSDT in terms of five un-known variables was used in the bending equation and pre-buckling equation 
respectively to calculate the numerical solutions without considering the effect of shear correction factors. In 2018, Vu et al. 
[11] presented the numerical results of deflection and frequency by using the TSDT and meshfree method for the static bending, 
free vibration and buckling behaviors of FGM plates. A similar refined TSDT in terms of four un-known variables was used in 
the equations to calculate the numerical solutions.  
 
Fig. 1 Two-material thick FGM circular cylindrical shells 
There are some importance and relevance of studied topics in the dynamics of cylindrical shells composed of FGMs. In 
2012, Zhang et al. [12] presented the nonlinear dynamics of clamped-clamped FGM circular cylindrical shells under an 
external excitation and uniform temperature change. The similar equations were used and based on the FSDT and von-Karman 
nonlinear strains-displacement relation to obtain the numerical response of displacements. In 2016, Dai et al. [13] presented the 
reviews of coupled mechanics on the FGM cylindrical structures during years 2000-2015. Some of the existing mechanical 
theories and hypotheses were assumed and would be improved in the future for obtaining the more accuracy of the results. In 
2008, Ansari and Darvizeh [14] presented a general analytical approach in arbitrary boundary conditions of FGM circular 
cylindrical shells. The FSDT of displacements was used to derive the homogeneous linear system and obtained the natural 
frequency under different boundary conditions. The author has some GDQ computational experiences in the composited FGM 
circular cylindrical shells. In 2017, Hong [15] used the approach of FSDT model and the varied shear correction factor to 
present the numerical GDQ results of thermal vibration and flutter of a supersonic air flowed over thick FGM circular 
cylindrical shells. In 2017, Hong [16] used the approach of Love’s theory for thin multilayered shells to present the numerical 
GDQ results of displacement and stresses of thin FGM laminated magnetostrictive shells with the value effects of velocity 
feedback and control gain subjected to thermal vibration. It is interesting to investigate the natural frequency in the TSDT 
approach of thick FGM circular cylindrical shells under free vibration with simply homogeneous equation and four edges in 
simply supported boundary conditions. The value effects of three parametric: nonlinear coefficient 1C  term, environment 
temperature and power law index on the natural frequency of thick FGM circular cylindrical shells are investigated. The main 
contribution and novelty of paper is to provide and investigate the analytic solutions of natural frequencies in the free vibration 
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3 
of thick FGM circular cylindrical shells by considering the varied effects of shear correction coefficient and nonlinear terms of 
TSDT. The motivation of the paper is listed as follows. To obtain the natural frequency values of FGM shells considering the 
nonlinear coefficient terms of TSDT within the simply homogeneous matrix equation. Also by considering the calculated 
values of shear correction coefficient usually varied with thickness, power law index and environment temperature. 
2. Formulation 
For a two-material thick FGM circular cylindrical shells in thermal environment with thickness 1h  of FGM material 1 and 
thickness 2h  of FGM material 2. Fig. 1 shows a colorful figure that can illustrate the FGM material for the approach of the 
study. The material properties of power-law function of FGM circular cylindrical shells are considered with a Young’s 
modulus fgmE  of FGM in the standard variation form of power law index nR , the others are assumed in the simple average 
form [17]. The properties iP  of individual constituent material of FGMs are functions of environment temperature T in the 
following form [18], 
1 2 3
0 1 1 2 3( 1 )iP P P T PT P T PT

      (1) 
where 0 1 1 2, , ,P P P P  and 3P  are the temperature coefficients. 
The time dependent of nonlinear displacements u , v  and w  of thick FGM circular cylindrical shells are assumed in the 
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where 0u  and 0v  are tangential displacements in the in-surface coordinates x  and   axes direction, respectively, w  is 
transverse displacement in the out of surface coordinates z  axis direction of the middle-plane of circular cylindrical shells, x  
and   are the shear rotations, R  is the middle-surface radius of FGM shell, t  is time. Coefficient for 
*2
1 4 / (3 )c h  is given 
as in TSDT approach, in which *h  is the total thickness of circular cylindrical shells. The linear time dependent of 
displacements also can be obtained by letting 1 0c   in the equations. The nonlinear coefficient 1c  term of displacement fields 
of TSDT [19] is used in the thick FGM circular cylindrical shells to investigate the nonlinear value effect on the natural 
frequency results. For the normal stresses ( x  and  ) and the shear stresses ( ,x z   and xz ) in the thick FGM circular 
cylindrical shells under temperature difference T   for the 𝑘 th layer are in the following equations [20-21], 
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where x  and   are the coefficients of thermal expansion, x  is the coefficient of thermal shear, ijQ  is the stiffness of 
FGM circular cylindrical shells. x ,  and x  are in-plane strains, not negligible z  and xz  are shear strains. 
 Advances in Technology Innovation, vol. x, no. x, 20xx, pp. xxx-xxx 4 
The dynamic equations of motion with TSDT for a thick FGM circular cylindrical shells are given as follows [22], 
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where *N  is the total number of layers,  
k
  is the density of k th ply.   i i 1 i 2J I c I , i 1,4   , 22 2 1 4 1 6K I 2c I c I    
There are some assumptions for the terms in the strains, e.g. the higher order terms 2( / )w x  , 2[ / ( )]w R    and 
( / )[ / ( )]w x w R      can’t be neglected. The Von Karman type of strain-displacement relations with 0 0/ /v z v R    , 
0 0/ /u z u R     and / / / 0xw z z z           are used as Eq. (6), 
By substituting equations (3) and (6) into equation (4), the dynamic equilibrium differential equations with TSDT of thick 
FGM circular cylindrical shells in terms of partial derivatives of displacements and shear rotations subjected to the expressions 
terms ( 1 5, ...,f f ) in partial derivatives of thermal loads ( , ,N M P ), mechanical loads ( 1 2, ,p p q ) and inertia terms can be 
derived and expressed in matrix forms. By assuming that mid-plane strain terms   
2
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2
1 / 2 1 / R w /     are in constant values, the 1 5, ...,f f  can be expressed in the derivative terms as Eq. (7)-(8), 
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where 1p  and 2p  are external in-plane distributed forces in x  and   direction respectively. q  is external pressure load. k  
is the shear correction coefficient. *h  is the total thickness of FGMs circular cylindrical shells. The computed and varied 
values of k  are usually functions of total thickness of circular cylindrical shells, FGM power law index and environment 
temperature [23]. The s si jQ  and * *i jQ  for thick FGM circular cylindrical shells with /z R  terms cannot be neglected are used in 
the following simple forms in 2014 by Hong [23], in 2010 by Sepiani et al. [24], 
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where 1 2=( ) / 2fgm    is the Poisson’s ratios of the FGM circular cylindrical shells, 
* *
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Young’s modulus of the FGM circular cylindrical shells, nR  is the power-law exponent parameter, 1E  and 2E  are the Young’s 
modulus, 1 and 2  are the Poisson’s ratios of the FGM constituent material 1 and 2, respectively. The simpler stiffness forms of 
s si j
Q  and * *i jQ  are used to calculate the stresses, , , , , ,s s s s s s s s s s s si j i j i j i j i j i jA B D E F H  and * * * * * * * * * * * *, , , , ,i j i j i j i j i j i jA B D E F H . 
For example, by using change of variable in integration calculation, the 11A , 11E , 11F , 11H  and 44H  of thick FGM circular 
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3. Vibration Frequency 
The thick FGM circular cylindrical shells with layers in the stacking sequence (0 / 0 )   are used to study the free 
vibration frequency results with the effects of environment temperature and varied shear correction coefficient calculations, 
under four sides simply supported boundary condition, no thermal loads ( T 0  ), no in-plane distributed forces ( 1p = 2p =0) 
and no external pressure load ( q =0) . The free vibration frequency mn with mode shape numbers 𝑚 and 𝑛 for four sides 
simply supported boundary condition can be derived by simply assuming that 31 1 0I I J   , 0ij ijB E  , 16 26 0A A  , 
16 26 0D D   and 45 45 45 0A D F    under the following time sinusoidal displacement and shear rotations forms with 
amplitudes mna , mnb , mnc , mnd  and mne . 
0
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where m is the number of axial half-waves, n is the number of circumferential waves. By substituting equations (11) into 
dynamic equilibrium differential equations under free vibration  1 2 5... 0f f f    with the assumed reasonable 
simplifications of 13 14 15 23 24 25 0FH FH FH FH FH FH       and 3 61 4 0I IJ J    in the elements of homogeneous 
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The determinant of the coefficient matrix in equation (12) vanishes for obtaining non-trivial solution of amplitudes can be 
represented in the simply five degree polynomial equation as follows, thus the mn  can be found. 
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4. Results and Discussion 
Table 1 *f  for SUS304/Si3N4 
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The composited thick FGM SUS304/Si3N4 material is used to implement the numerical computation of vibration under 
environment temperature T (free stress assumed). The FGM material 1 at inner position of circular cylindrical shells is SUS304 
(stainless steel), the FGM material 2 at outer position of circular cylindrical shells is Si3N4 (silicon nitride) used for the free 
vibration frequency computations with simply homogeneous equation. For the preliminary FGM circular cylindrical shells 
study, it did not considered the effect of nonlinear coefficient term on the calculation of varied shear correction coefficient. The 
varied values of k  are usually functions of
*h , nR  and T in the thick FGM circular cylindrical shells ( 0ijB  ). For L/R=1, 
1 2h h , 
* 1.2h  mm, calculated values of k  are increasing with nR  (from 0.1 to 10). Thus values of k  are used for 
frequency calculations of the free vibration (no thermal loads under no temperature difference ( T =0) including the effects of 
nonlinear coefficient 1c  term. Firstly, for the frequency parameter 
*
11 2 114 /f R I A  values under the effects of 1c = 
0.925925/mm
2
 and 1c = 0/mm
2
 for */L h = 5, 8 and 10 are shown in Table 1, where 11  is the fundamental first natural 
frequency (m = n = 1). For SUS304/Si3N4 thick circular cylindrical shells under free vibration with
* 1.2h  mm, the *f values 
under 1T K , 100K, 300K, 600K and 1000K with varied k  and 1c  effects are in the values not greater than 13.538765. 
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The frequency parameter 2 *11 1 1( / ) /L h E   values under the effects of 1c = 0.925925/mm
2
 and 1c = 0/mm
2
 for */L h = 
5, 8 and 10 are shown in Table 2, 1 is the density of FGM material 1, for SUS304/Si3N4 thick circular cylindrical shells under 
free vibration with * 1.2h  mm, the Ω values under 1T K , 100K, 300K, 600K and 1000K  with varied k  and 1c   effects are 
in the values not greater than 32.380783. 
It is easy to judge the machining abnormality by the external sensor signal in this experiment. At this time, the internal 
condition data could be combined to determine the type of abnormality as chatter. The accuracy of the monitoring is improved. 
There are a variety of visualization methods in this monitoring system, which could help to quickly locate abnormal positions. 
In addition, it helped to grasp the information of CNC machine tool conditions at all times, which reduced the difficulty of 
subsequent fault analysis and diagnosis. 
Table 2   for SUS304/Si3N4 
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* 1.2h  mm , varied k  











































































































It is interesting to compare the present vibration values of frequency with some authors' work as shown in the Tables 
(3)-(4). The values of *f  vs.
 
*h for SUS304/Si3N4 under 
*/L h =10 and 300T K with varied k  and 1c   
effects are shown in 
Table 3. The compared value *f = 8.426538 at *h = 2mm, nR = 0.5 is greater than 
*f = 8.0 at n= 13 with silicon nitride-nickel 
under classical shell theory (CST), no external pressure ( 0eK  ) by Sepiani et al. in 2010 [24]. The values of     vs. 
*h for 
SUS304/Si3N4 under 
*/L h =10 and  T=700K with varied k  and 1c  
effects are shown in Table 4. The compared value  = 
2.459972 at 1c = 0.925925/mm
2
,
 * 1.2h  mm, nR = 0.5 is greater than  = 1.71137 with the material variation type A, three 
layers thickness ratio 1-8-1, the L directional radius of curvature is ∞, */L h =10, nR = 0.5 for the FGM sandwich shell 
presented by Chen et al. in 2017 [25]. 
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Table 3 Comparison of frequency *f  for SUS304/Si3N4 and silicon nitride-nickel 
1c  (1/mm
2) *h  (mm) 
*f  
Present method , 
* 1/ = 0L h , 300T K , 
varied k , for 3 4SUS304 / Si N  
Sepiani et al. 2010, 
for silicon nitride-nickel, 
n 13  
 0.5nR    1nR    2nR   - 
0.925925 1.2 2.349735 2.429062 2.516924 - 
0.333333 2 8.426538 8.711254 9.026930 8.0 
0.000033 200 842669.2 871142.9 902712.1 - 
0.000014 300 253980.0 262560.1 272073.1 - 
0.000003 600 18903.19 19542.01 20250.14 - 
0.000001 900 43930.59 45414.97 47060.53 - 
Table 4 Comparison of frequency   for SUS304/Si3N4 
1c  (1/mm2) 
*h  (mm) 
  
Present method, * 0/ 1L h  ,  
700T K , varied k  
Chen et al. 2017, type A,  
1-8-1,  0.5nR   
 0.5nR   
 1nR   
 2nR   - 
0.925925 1.2 2.459972 2.550420 2.651571 1.71137 
0.333333 2 8.821661 9.146189 9.509387 - 
0.000033 200 882174.8 914629.0 950949.6 - 
0.000014 300 267903.0 277757.0 288785.0 - 
0.000003 600 19897.76 20629.82 21448.99 - 
0.000001 900 46307.33 48010.84 49917.17 - 
Table 5 Fundamental natural frequency 11  for 
* 1.2 h mm  
*/L h  nR  1c  (1/ mm
2) 11
  
































































































































































Secondly, the natural frequency mn  values (unit 1/s) of free vibration ( T 0  ) according to mode shape numbers m and 
n for the SUS304/Si3N4 FGM thick circular cylindrical shells are calculated. For the values of fundamental first (m=n=1) 
natural frequency 11  vs. nR with 
* 1.2h  mm, varied k  and the effects of 1c = 0.925925/mm
2
 and 1c = 0/mm
2
 for */L h = 5, 
8 and 10 are under 1T K , 100K, 300K, 600K and 1000K are shown in Table 5. For the values of natural frequency mn  vs. 
m,n=1,2,…,9 with nR = 0.5, 300T K , 
* 1.2h  mm under varied k  and the effects of 1c = 0.925925/mm
2
 and 1c = 0/mm
2
 for 
*/L h = 5 and 10 are shown in Table 6. 
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Fig. 2 1n  vs. nR  for 
*=/ 5L h  Fig. 3 1n  vs. nR  for 
* 1/ = 0L h  
  
Fig. 4 1n  vs. T for 
*=/ 5L h  Fig. 5 1n  vs. nR  for 
* 1/ = 0L h  
Finally, the natural frequency mn  values (unit 1/s) vs. nR and T of free vibration ( T =0) according to mode shape 
numbers m=1 and n (from 1 to 9) for the SUS304/Si3N4 FGM thick circular cylindrical shells are calculated. Figs. (2)-(3) show 
the values of 1n  vs. nR in FGM circular cylindrical shells for thick 
*/L h  = 5, 10 respectively, with the effects of varied k    
and 1c  = 0.925925/mm
2
 
under 300T K . Generally the values of  1n are decreasing with values of n (from 1 to 9) for 
*/L h = 
5, nR = 0.5, 1 and 10. The greatest value of 11 = 0.00191 (unit 1/s) is found for 
*/L h = 5. The values of  1n  are also 
decreasing with values of n (from 1 to 9) for */L h = 10, nR = 0.5, 1 and 10. Figs. 4-5 show the values of 1n  vs. T in FGM 
circular cylindrical shells for thick */L h =5, 10 respectively, under the effects of varied k , 1c = 0.925925/mm
2
 and nR = 0.5. 
Generally the values of  1n are decreasing with values of n (from 1 to 9) for 
*/L h = 5, 300T K , 600K and 1000K, the values 
of 1n are almost in the same for 300T K  and 600K, but in greater values than that in the  1000T K . The greatest value of 
11 = 0.00191 (unit 1/s) is found for 
*/L h = 5, 600T K . The values of 1n can stand for higher temperature  1000T K at 
*/L h = 5. The values of  1n are decreasing with values of n (from 1 to 9) for 
*/L h = 10, 300T K , 600K and 1000K , the 
values of 1n  are almost in the same for 300T K and 600K, but in greater values than that in the 1000T K . The greatest 
value of 11 = 0.00059 (unit 1/s) is found for
*/L h  = 10, 600T K . The values of 1n  can stand for higher temperature 
1000T K at */L h = 10. The values of 1n  at 
*/L h = 5 are also found in the greater values than that at */L h = 10. 
5. Conclusions 
The values of natural frequency and frequency parameters are calculated and obtained by using the simply homogeneous 
equation with the polynomial equation in fifth-order of mn  in the free vibration of thick FGM circular cylindrical shells. The 
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three items of value effects are considered in nonlinear coefficient term 1c , shear correction coefficient and environment 
temperature. Some of the important results are found as follows. (a) Data investigated in the three kinds of frequency 
parameters under free vibration with and without the effects of 1c . (b) Generally the values of 1n  are decreasing with values 
of n (from 1 to 9) for */L h =5 and 10, nR = 0.5, 1 and 10. (c) The values of 1n  can stand for higher environment temperature 
1000T K at */L h = 10. (d) The values of 1n   vs. environment temperature T at 
*/L h =5 are found in the greater values than 
that at */L h = 10. 
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